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Introduction:

The magnitude and phase relationship between sinusoidal input and steady
state output of a system is known as frequency response.

Note: it is independent of the amplitude and phase of the input signal

X(t) y(t)

If the Input signal Is x(t) =X sinwt)
The output can be written as; y(t)=Y sin(wt+?)
Where, Y =X | G(w) |

0 = <G(jw)



| G(jw) | is the ratio of the amplitude of the output sinusoid to the input sinusoid

@ =< G(jw) Is the phase shift of the output sinusoid with respect to the input sinusoid

G(jw) is called the sinusoidal transfer function
and is obtained from expression

Y
G(s)_xg

By putting ‘jw’ for ‘s’

Y(jw)

is the sinusoidal transfer function
X(w)

G(jw)=——=



The main features of the frequency response method

i) Sinewave is easily generated in laboratory unlike other test inputs like step or impulse.

ii) The frequency response off a system can be obtained in simple way.

iii) Transfer function of the complicated system can be determined experimentally by
frequency response.

Calculation of frequency response

—b+Vb?%-4ac

X = Example
. 20

sl
Put s=jw

.5
Gliw=5015
|G(iw) | = ==, <G(jw) = - tan"(w)



Example: Consider the system shown below.
The transfer function G(s) is;

K
G(S)_(Ts+1)

For sinusoidal input x(t)=X sin(wt)
The output y(t) can be found as follows;
substituting ‘jw’ for ‘s’ in G(s) yields

: K
G(JW)'(ij+1)
The amplitude ration of the output to input is;
|GGW) | = s
1+ T2w?
While the angle @ = <G(jw)= - tan~1(wT)

Thus, for the input x(t)=X sin(wt) , the output y(t) can be obtained from the following equation

y(t)= \/% sin(wt-tan~t(wT) )



Example: Consider the following transfer function

C(s) 1
R(s) s°+3s+4

G(s) =

d’c(t) ,de(t)

Differential equation:
dt? dt

+4c(t) =r(t)

Sinusoidal transfer function

G(j )_C(ja)) 1 _ 1
s(jo) (jo)’ +3(jo)+4 44—’ +3jw




BODE PLOT

Bode plot is a graphical representation of the transfer function for determining the stability of the control
system.

Bode plot consists of two separated plots.

One is a plot of the logarithmic of magnitude of a sinusoidal transfer function, the other is a plot of the
phase angle, both plots are plotted against the frequency. The curves are drawn on semilog graph paper
using the log scale for frequency and linear scale for magnitude ( in decibels) or phase angle ( in degree) .

One advantage of using a semilog graph is that a large angle of frequency can be plotted and
low frequency region is expanded.

Thus , Bode Plot consists of;
i) Magnitude in db = 20 log | G(w) | Vs log w
1) Phase shift =0 Vs log w



The main advantage of using the Bode diagram

1.

2.
3.
4.

The magnitude multiplication of poles and zeros can be converted into addition and subtraction.
There is easy and simple sketching method to approximate the log-magnitude curve.
It depends on the asymptotic approximation.

If data of bode diagram are available , the transfer function of a system can be determined
experimentally from frequency response.

The bode plot of the basic element of transfer function

1) The gain K

. If the value of gain K is greater than one , then the magnitude of K in dB is positive
value while when the value of K is less than one the magnitude is negative.

. The constant gain K has a horizontal straight line log-magnitude curve with
magnitude equal to 20 log K.

. The phase angle of the gain K is zero.
. If the gain of transfer function changed the entire curve of the log-magnitude either

raises or lowers according to the new values of the K while the phase curve is not
effected.



20 log (Kx 10™)= 20 log K + 20n

20 log K= -20 |ogiK
2) Integral and derivative factors (jWJ_r)
The logarithmic magnitude of 1/jw is; 20 log |]iw | =—20 log(w) dB
The phase angle of 1/jw is; constant and equal to - 90°

The log-magnitude curve is a straight line with a slope of -20 dB/decade

The logarithmic magnitude of jw is; 20log | jw | = 20 log(w) dB

The phase angle of jw is; constant and equal to + 90°

The log-magnitude curve is a straight line with a slope of +20 dB/decade



Figure (a) shows the
log-magnitude and

phase shift of.i
jw
Figure (a) shows the

log-magnitude and
phase shift of jw
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The case when transfer function contains the multiple factor

1 - \n
Guy 07 UW)

1
gw)™

The slope of the log-magnitude curves is -20 x n dB/decade and the phase angle is equal to

The log magnitude is 20 log | | =-n X 20 log | jw | =-n x20logw dB

-90 x n over the entire frequency range. The magnitude pass through the point ( 0 dB, w=1)

The log magnitude is 20 log | (Gw)" | =nx 20 log |jW | =n x20logw dB
The slope of the log-magnitude curves is 20 x n dB/decade and the phase angle is equal to

90 x n over the entire frequency range. The magnitude pass through the point ( 0 dB, w=1)



3) The first order factors (1 + jwT)*1

1

The log magnitude of first order pole =20 log | 1+ jwT

T |=—20logV1+w2T2 dB

For low frequencies , such that w « ;1 , the log magnitude may be approximated by
-20log V1 + w2T2 = -20log 1 =0 dB

Thus the log-magnitude curve at low frequencies is the constant 0 dB straight line or low frequency asymptote

The low frequency asymptote is a straight line start from zero frequency to point of intersection with high
frequency asymptote, and coincide on the frequency axis.

For high frequencies, such that w »% , the log magnitude may be approximated by

-20 log V1 + w2T2 = -20log (w7) dB this is a straight line with slop -20 dB/decade or high frequency
asymptote

Thus, in order to draw the high frequency asymptote, we need two points.
at = 1/T , the log magnitude equals 0 dB. The first point (1/T, 0 dB)
at o = 10/T , the log magnitude is -20 dB. The second point (10/T , -20 dB)

For o » 1/T, the log-magnitude curve is thus a straight line with a
slope of -20 dB/decade.



1
1+jwT

The phase angle of

¢ =—tan "t (wT)

At w=0,¢=0°
Atw=1/T, ¢ = — tan"1(= T).
b= —45°

Atw=c0, ¢ = —90°

Simlog graph paper
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This figure shows the exact Log-magnitude curve, and its asymptotes,

and phase-angle curve of 1/(1+/wT).



The error between the exact magnitude curve and asymptotes can be computed as;

At w = Ti , the exact gives —20log V1 + w2T2 = =20 log V1 + 1 =-3.03 dB wh
the approximate —20log wT =—201log (1) =0dB

Error =-3.03-0=-3.03 dB

At w= % , the exact gives  —20 log /1 +i =—20log ( %g) = -0.97 dB
the approximate —20log (1) =0dB

Error =-0.97-0 =-0.97

At w=Ti , the exact gives —20 logV1 + 4 =—20 logV5 =-6.9897 dB

, the approximate —20 log (2) =-6.0205 dB

Error = -6.9897- 6.0205 =-0.97 dB



The log magnitude of first order zero (1+jwT)= 20 log | (1+jwT) | =20log+y/1+ w2T2 dB
and the phase shift ¢ = tan '(wT)
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The case of multiple factors (1 + jwT)*"

The exact log magnitude

—20|og| |= —20x 1 log/1+w?T?2 dB

1
(1+jwT)"
The approximate log magnltude
At wT« 1 log magnitude =-20 x nlog+v1 = 0dB low frequency asymptote
AtwT» 1 log magnitude =-20 x 771log (WT) high frequency asymptote

: 1 1
To correct at frequencies w=_ ,

At all frequencies, the corrections are multlplied by n.
In the similar method the asymptotes construction may be made. The corner frequency is
still at w=1/T, and the asymptotes are straight lines. The low-frequency asymptotes is a

horizontal line while the high frequency asymptote has the slope of -20n dB/decade or 20n
dB/decade

T)"

,and —

Also, the difference between the

The exact phase angle log-magnitude and the phase-angle
<G(jw)= ¢ =-n tan~'(wT) curves of multiple factors
At w=0 ¢ =0 1 +ja)7' (or zero) and the factor

Atw=oc ¢ =-90xn
Atw=1/T ¢ =(-90x n)/2 L+jwT

(or pole) is only sign



4) The quadratic Factors [ 1 + 2C (yw lw,,) + (jW/Wn)z]il

If > 1 the factor can be represented as a product of two first order poles, and the bode diagram can be
obtained as before.

If 0<{<1,the quadratic factors represent complex conjugate poles.

Gls) = 5t

)= S2+2Qwps+w3

Put s=jw
e wh

G(jw) = (jw)2+2qwy, Gw)+w3
e v

G(jw) = —w2+2qwy, (jw)+w32

2
G(JW) _ _ Wn

wi—w?2+j 2lw,w



1

Gliw) = 1-G)2+) 24

20 log |G(jw)|=20 Iog| AL - |

W2, w
Wn) +12ZWn

The exact magnitude in dB is ;

2
i — . _ () 12 2( W2
20 log | G(jw) | = -20 log \/ 1 (Wn) 24487 ()
The approximate log magnitude is;
At low frequencies w « w,,  log magnitude = - 20 log V1=0dB low frequency asymptote

4
At high frequencies w » w,,  log magnitude =- 20 log /% =-20 log (WK)2 = -40log Wi high frequency asymptote
n n n

The high frequency asymptote intersect the low frequency asymptote at w=w,,
Since at this frequency - 40 log Wl =-40log (1)=0dB
n



Thus, this frequency is the corner frequency for the quadratic poles.
The two a asymptotes just derived are independent of the value of C.

20

Near the frequency w = w,, , a resonant peak

occurs. The damping ratio { determines the 10 / e e 0o

magnitude of this resonant peak. Error obviously ////_ =03

exist in the approximation by straight line éf )‘{Q 6=02

) dB 0 Wb £=0.7

asymptotes. The magnitude of the error depends Y% QN -t
N\

on the value of C . It is large for small values of (.
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The exact phase angle of quadratic factor [ 1 + 2 (jw/wy,) + (jw/wy,)?] Lis ;

<G(jw) = ¢ = —tan™! (:iWE‘y)

The phase angle is a functionnof both w and {. At w =0, the phase angle equals 0°. A

At the corner frequency w = w,, , the phase angle is —90° regardless of {,

¢ = —tan™1 (%Z) =—tan~1(w) = —90°

At w= oo , the phase angle becomes —180°. The phase angle curve is skew symmetric about

the inflection point, the point where ¢= —90°. There are no simple ways to sketch such phase
curve.

The frequency response curves of the factor (or
complex conjugate zeros) [ 1 + 2L (jwiwy,) + (jw/wy,)?]
can be obtained by merely reversing the sign of the log
magnitude and that of the phase angle of the factor



