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Chapter One

Introduction

1.1 Basic Elements of DSP Systems:

Fig. (1.1) shows a typical DSP system. The analog input Signal might be variations in voltage,
temperature pressure or light intensity. If the signal is not inherently electrical, it is first
converted to a proportional voltage fluctuation by a suitable transducer. Very often, the first
stage in the chain is an analog filter , designed to limit the frequency range of the signal prior to
sampling. The final processing stage is another analog filter, designed to remove sharp

transitions from the D/A output.
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Figurcl 1:Typical DSP scheme

In contrast to the above a direct analog processing of analog signals is much simpler since it
involves only a signal processor. It is therefore natural to ask why do we go to the DSP system?

There are several good reasons:

1- Rapid advances in integrated circuit design and manufacture are producing more powerful

DSP systems on a single chip at decreasing size and cost.

2- Digital processing is inherently stable and reliable.


mailto:60068@uotechnology.edu.iq

3- In many cases DSP is used to process a number of signals simultaneously. This may be done

by using a technique known as " TDM " time-division-multiplexing

4 - Digital implementation permits easy adjustment of processor characteristics during

processing, such as that needed in implementing adaptive circuits.

Today, digital signal processing techniques are increasingly replaced analog signal processing
methods in many fields such as spectral analysis, speech recognition, radar and sonar signal
processing, biomedical signal analysis, digital filtering, digital modems, data encryption,

geophysical signal processing and engine control.

Y% The main disadvantage associated with DSP is the limited range of frequencies available for

processing.
1.2 Sampling and A/D Conversion: -

The sampling process is confirmed by Shannon's famous Sampling theorem which may be

stated as follows :

An analog signal containing frequencies up to (fm) Hz completely represented by
regularly-spaced samples, provided the sampling rate is at least (2 fm) samples per second

ie (fs>2fm).

Figure1.2: sampled signal




Fig (1.3) shows the effects of sampling signal spectrum.

Fig (1.3)

The maximum frequency contained in the analog signal (fm) is known as Nyquist frequency.
The minimum sampling rate (fs=2fm) which can be used without overlapping is known as the

Nyquist rate.

In most electronic DSP applications, performed by an A/D converter which also transforms the

stream of samples into a binary code.

Fig(1.4)




1.3 Discrete -Time Signals (sequences):-

In digital signal processing , signals are represented as sequence of numbers called "samples" A

sample value of a typical discrete- time signal or sequence is denoted as X [n] with the

argument "n" being an integer in the range (-« and ). It should be noted that x[n] is defined

only for integer values of "n" and undefined otherwhere. The most. common basic sequences

are described next:

¢ Unit Sample Sequence: -

(A n=0

8["]‘{0 n+0
A =k
8[n_k]={0 1111¢k

e Unit Step Sequence: -

(A n=0
“["]‘{0 n<o0

A n=k

u[n—k]:{o n<k

Note that u[n] = X¢__, 6[k] and 6[n] = u[n] —u[n — 1]




¢ Unit Ramp Sequence: -

r[n] = nu[n]

¢ Exponential Sequence: -

X[n] = Ae’™
e Sinusoidal Sequence: -

Analog sine  x(t) = sinwt
Discrete sine x[n] = sin(wnTs)
Let wTs=0Q
Where w=2mfm

Ts=1/fs

Note that xd[n] = xa(t)|t=nTS , usually we take  Ts=Tsec.

Example 1: find expressions for the various signals shown below




Solution:

a) X[n]= -2 u[-n-3]

b) x[n]= 4 u[n+2]

¢) x[n]=8 8[n-3]-5 5[n-4]
d) x[n]= u[n+2]- u[n-4]

Example 2: sketch the following signals:

a) x[n]= e%"

uln]
b) xIn]= cos ()

n/5

c) x[n]=e™”cos[n]

d) x[n]= 20 (0.9)" u[n]

solution:




1.3.1 Operations on Sequences:

1. Modulation X[n] z[n]=x[n].y[n]
y[n]

2. Addition X[n] @1[n]=x[n]w[n]
vin)

¥[n] =
3. Scaling 4‘n ::;p-—-z["] Axnl

XIn] Z[n)=X[n-1]
nl s

Unit delay

4. Time Shifting

X[n] Z[n)= X[n+1]
n+l |—-+

Unit advance

Example: consider the following sequences of length (5) defined for (0<n<4).
x[n] ={3.2 41 36 -95 0}
y[n] ={1.7 -05 0 08 1}
Find a) x[n] . y[n]

b) x[n] + y[n]

Q) % x[n]




solution:

x[n] .y[n]={544 -205 0 -76 0}

x[n]+y[n]={49 405 36 -8.7 1}

%x[n]={11.2 143.5 126 -33.25 0}

Example: Analyze the discrete-time system shown below to determine the sequence y[n].

X[n]

[a]

(1]

Solution:

¥[n]
i I.';

ri-1

hl: -

b2 =

y[n]= box[n] +b1x[n-1] +byx[n-2] +y[n-1]

This formula is known as ((difference equation))

1.4 Discrete -Time Systems (Digital Processors):-

The function of a discrete - time system is to process a given input sequence to generate an

output sequence.

Input output
sequence DTS SEE]LIET"IEE
x[n] hin] y(n]

1.4.1 Classification of Discrete Time Systems:

The classification of DTS is based on the input - output relation of the system.



1- Linear System: It is the system for which the superposition principle always holds.

If y1[n] and y»[n] are the responses to the inputs xi[n] and x, [n] respectively , then for the
input x[n] = a x1[n] +Bxz[n] gives the output y[n] = a y1[n] +By:[n]

Example: Test the linearity of the system :

y [n] =3 (x [n+1] + x[n] + x [n-1])

Sol : By applying superposition theory:

zg(a x1[n+1] +B x2[n+1] + x [n-1] + a x1 [n] + B Xz [n]+ a xq [n-1] + B x2 [n-1])

=§O( x1[n+1] + x1 [n] + x1 [n-1])+ %B (X2[n+1] + X2 [n]+ X2 [n-1])
= ayi[n] +B y2[n]

== The system is linear.

Example: The square -Law device y[n]= x°[n]

(o x1[n] +B x2[n])? = o x12[n] +2 a B x1[n] x2[n]+ o x22[n]

F0 y1[n] +B yz[n]

== The system is not linear.

2- Shift -Invariant System: (Time - invariant system)

If y[n] is the response to an input x[n] then the response to x [n-ng ] is y [n-no]

3- Linear Time-Invariant System: (LTI

It is the system that satisfies both the linearity and the time - invariance properties. Such
systems are mathematically easy to analyze ,and easy to design.



4-Static and Dynamic System:

The system is said to be static or (memoryless) if its output depends up on the present input
only.

5- Causal System:

In causal system, the output signal depends only on present and /or previous values of the
input. The practical signal processors are always causal, because they cannot anticipate the
future .

6- Invertible System:

If a digital system with input xIn] gives an output y[n], then its inverse would produce x [n] if fed
with y [n]. Most practical systems are invertible.

The LTI systems are also causal and invertible.

Example: Determine the following properties :(linearity, time invariance, causality, invertibility)
for the systems :

@y [n] =3x[n] -4 x[n-1]
(b) y [n] = 2y [n-1] + x [n+2]
(@) y [n] =nx[n]

(d)y [n] = Cos (x[n])

Solution: (a) linear, time invariance, causal, invertible .
(b) linear, time invariance , not causal, invertible.
(c) linear, time - variance, causal, invertible.

(d) Non-linear, time invariance , causal, not invertible.
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Chapter two
-Time Domain Analysis-

2.1 Introduction:

In this chapter we develop the basic techniques for describing
digital signals and in the time domain. Such techniques are:

impulse response, step response, and digital convolution.
2.2 The Impulse Response:

The response of digital system to sequence ( x [n]=8[n]) is called
the unit sample response or simply “the impulse response”, and is

denoted as (h[n]).

x[n] y[n]

- h[n] -

Example 1: Find the impulse response of the system :
yInl=2 xIn+1]+ 2 x[n] + £ x [n-1]
Sol : we set x [n] = 6[n]

yInl= hn] ==& [n+1]+ 25 [n] + = & [n-1]

forn=-2  yln]=;38 [-1]+ 38 [-2] + 25 [-3] =0



for n=- yInl== 8 [0]+ =8 [-1] + 2 8 [-2] =1/3

for n=0 yInl=; 8 [1]+ 28 0] + 28 [-11 =1/3
for n=1 yInl=; 8 [2]+ 28 [1] + -5 [0] =1/3
for n=2 yInl= 58 [3]+ =8 [2] + 2 5 [1] =0

forn<-2 and n>2 wm y[n]=0
h{n]

— Jdhm 1/3

it

Example 2: Find the impulse response for the system shown

below. Given b=-0.9

x[n] () V[n]'

Jo\

Sol:

y[n]=-0.9 y[n-1] +x[n]

the impulse response =h[n]= -0.9 h[n-1] +J[n]

h[-1]= -0.9 h[-2] +5[-1]=0+0=0

h[0]= -0.9 h[-1] +8[0]=0+1=1=(-0.9)° |

h[1]= -0.9 h[0] +3[1]=-0.9  =(-0.9)' ‘ l
h[2]= -0.9 h[1] +5[2]=0.81 =(-0.9) | ]
h[3]= -0.9 h[2] +§[3]=-0.729 =(-0.9) I ‘

h[4]= -0.9 h[3] +3[4]=0.656 =(-0.9)"

we can also find that h[n]=(-0.9)" u[n] or in general: h[n]= b" u[n]



2.3 The Step Response:

The response of a discrete-time system to a unit step sequence
(x[n]=uln]) is called the unit step response or simply the “step

response”, and is denoted as S[n].

Example:

a) Find and sketch the step response for the system shown below.

Given b=0.8.
v[nl

b) Find the response to the rectangular
pulse input bandlimited by (0<n<3).

Sol: a) y[n]=0.8 y[n-1] + x[n]

Forn<0  y[n]=0

Forn=0  y[0]=0.8 y[-1] + x[0]=0+1=1

For n=1 y[1]=0.8 y[O] + x[1]=0.8(1)+1=1.8

Forn=2  y[2]=0.8 y[1] + x[2]=0.8(1.8)+1=2.44

Forn=3  y[3]=0.8 y[2] + x[3]=0.8(2.44)+1=2.952

Forn=co  y[co]=1+0.8"+0.8°+0.8%+......+0.8
=0.8°+0.8"+0.82+0.8%+......+0.8”

1
=Yin=0(0.8)" =7——=>5 =steady state value

6

—
S
7> 2

0
1234567 891011121314151617181920212223
==@=—"Series] 12 2|3 344/4445555555555555



b) y[n]=0.8 y[n-1] +x[n]

for n<0 y[n]=0

n=0

S[n]

12345678 91011121314151617181920212223
e=@==Series] 1 2/2 3222 1111000000/000000
n

Note that increasing the value of b will increase the duration
of the transient (the rise time).

Transient response: it is the part of a response that vanishes
as sample number approaches infinity.

Steady state response: it is the part of the response that does

not vanish as sample number approaches infinity.



2.4 Stability & Causality Conditions in Terms of the

Impulse Response:

1. A digital system is stable if and only if ,the stability factor

"S" is finite, i.e. (S <oo).where h[n]=impulse response of

s = Zi_wmmn

2. A digital system is said to be a causal if and only if, h[n]=0

the system

for n<0.
All physical systems are causal in that they do not react until
a stimulus is applied.

Example: check the stability and causality of the system shown

below: i yin]

"
Sol: LMJ

S = N2 ol BMulnl|= T30l BI" =

for [B|<1

1-|B|

The system is stable for [B|<1 or -1<B<1

Since h[n]=0 for n<0 the system is causal.
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2.5 Discrete Time Convolution

We have seen how to characterize LTI processors by their impulse
or step responses. In practical cases, we need a general computer-
based method to estimate a system’s response to any form of
input signal. The method which will do this is known as “digital

convolution”

x[n] hin] yInl =x[n]*h[n]

h J

ylnl =" "l hin—K]

Which can be alternately as y[n] = Yj__, x[n — k]| h[k]



for —1<n<1
otherwise

o X[ k] h[n — k]

0

otherwise
k

x[n] * h[n] =X

Example 1: convolution of two finite-duration sequence:

Sol:
y[n]
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Example 2: Find x[n] * h[n] where:

x[n]=[1 %3-1] ‘j[’f”l L

Ll B

hin]=[1 -1 2] s * ]’
&5 [ £ 8 a & i

Sol 1: we can solve the problem numerically as in the previous
example or by using the graphical method as shown below:

(w1 SEI
|
!
S e T‘-“" S— ¢ -o—g—i= N
|
- i
K 1-13 \ T Xf_-lr “l_r‘ i ‘ 3 :
7 t]1]
“?—H 4 el -
| §:s
rel 4 {31 hin) » i
2s l
N{‘H P— "
-8
X [1] f[? XL h[ne1] I 3 I‘
-»«07 — —o—tp 1 ESF
‘ -3




Sol 2: Also this problem can be solved using the multiplication
method as shown below:

x[n] 12 3 -1
hin]  $31-12
2 4 6 -2
12 -3 1
i 12 3 -1
y[n]= 1130 7-2

**and it can also be solved by using the 4" method tabulation
method

h[0] h[1] h[2]
x[-1] 1 -1 2
x[O] 2 -2 4
x[1] 3 -3 6
X[2] -1 1 -2
Y[n] | Y[-11 | Y[O] | Y[1] | Y[2] | Y[3] | Y[4]
- 1 1 3 0 7 )
y[n]

o,

WM R DR N W R L@ N



Example: convolution of an infinite -duration sequence with a
finite -duration sequence . Given

x[n] = {(n +1) for0<n<?2 hin] = a™uln]

0 otherwise

Sol:

ylnl =) " xlkl hn—k]

y[n] = zk:o(k +1) a™* ufn — k]

yln] =a”u[n]+2a*tun—1]+3a" 2 u[n— 2]

Example: convolution of two infinite -duration sequences

x[n] = a™uln] h[n] = b™u[n]
Sol: y[n] = X5 o a*ulk] b * u[n — k]
=Yk=oa® ™K =3¥R_ga* p"b7K =p" 11\}:0(%)}lc
1_(E)n+1
~y[n] = b —25—
yln] =

2.6 Digital Convolution Properties:

The convolution operation satisfies several useful properties:
1. Commutative: x1[n] ® x2[n] = Xx2[n] ® x1[n]
2. Associative: ( x1[n] ® x2[n] ) ® x3[n] = x1[N] ® X2[n] ® x3[n])
3. Distributive: x1[n]® (x2[n] +x3[n]) = x1[n] ®x2[n]+ x1[n] ® x3[n]



2.7 Simple Interconnection Schemes:

Two widely used schemes for developing complex LTI

systems from simple LTI section:

1. Cascade Connection

In figure below the two sections are said to be
connected in cascade. The overall impulse response

h[n] is given by

hn]

_ X[n]
h[n]=h{[n] ® hy[n] n ST ha[n] V[Q]

2. Parallel Connection

The connection scheme of figure below is called
parallel connection. The impulse response of the

overall system is given here by:

h[n]=h4[n]+h[n]




2.8 Classification of LTI Systems:

LTI systems are usually classified according to the length of their
impulse response. If h[n] is of finite length ,(i.e. h[n]=0 for n<Nj
and n>Nz where N2>Nj), then the system is known as a “finite
impulse response” or FIR system.

While if h[n] of a system is of infinite length then the system is

known as an “infinite impulse response” or IR system.
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3.1 Introduction

In previous chapter we pointed out that any arbitrary sequence can
be represented in the time-domain as a weighted linear
combination of delayed unit sample sequences (3[n-k]). we
consider in this chapter an alternate description of a sequence in
terms of complex exponential sequences of the form (e?*") and
(z"). This leads to two particularly useful representations of discrete
sequences and systems in a transform domain: -

1- Discrete Fourier transform (DFT).

2- Z-transform.

3.2 The Discrete Fourier Transform: -

In many signal processing applications, the distinguishing features
of signals and systems are most easily interpreted in the frequency
domain. The main analytic tool used to transform from time
domain (x [n]) to frequency domain (X[k]) is the Fourier transform.

The DFT is important for two reasons : First, it allows us to



determine the frequency content of a signal , that is, to perform
spectral analysis . The second is to perform filtering operations in
the frequency domain .

Periodic sequences can be represented in the frequency domain

by means of a " discrete Fourier Series", which is given by :
N-1
X7[k] = ) x~[n] e~
n=0

where x[n] is a periodic sequence with period (N), and the spectral
coefficients X [k] are evaluated for (0<k<N-1),i.e X [k] is also
periodic with a period N). The inverse of above process which

allows us to recover the signal from it's spectrum, is given by:

1 N-1
x“[n] = 5 > X~[k] eF2mkn/
n=0

Truly periodic signals are rarely encountered in practical DSP. Non-
periodic (aperiodic) signals with a finite number of nonzero sample
values are the more Common.
Let x [n] be aperiodic signal with duration containing
(M) samples. We will consider it is periodic signal of period (N)
where N> M then: -

=00 fo wEnzn-1

o n
yln] M=3 s yin]

I |



"The sequence X [n] is called the “ periodic extension “of x[n]. We
are free to choose the value of (N), but we must be careful not to
be too small, because ; if N<M, an overlap then occurs when
periodic extension is formed .

Summarizing all the above, we arrive at the desired
DFT relationship :

for 0<k<N-1

N-1
— z x[n] e —J2mkn/N
n=0

Zn —o x[n] ‘]Zn ~o x[n] sin .
al J

| |
Re X[K] Im X[k]
The inverse discrete fourier transform or IDFTis given by:

N—
_ 1 z | ej2mkn/N
N —

2mwkn

Sometimes we assume e /2N =Wy, thus e J27kn/N =k

The two equation form the basis of the computer algorithms that

evaluate the DFT.



Ex: Compute the N-point DFT, were N=3 for the sequence :

1
— <n <
hin] =13 for 0<n <2

0 otherwise
_j2mkn
Sol: Hlkl =Y3_th[n]e” ~
oL L _pme 1 jamk
H = — — N — N
[k] 2 + 36 + 3e

1 1 1
H[0]=§+§(1)+§(1)=1

Hence X[k]=[10010010........ ]

+

2 T T T T T T

05




Ex: Compute DFT for the infinite-duration sequence given by:

h[n]=a" u[n]

Sol: H(k] =YXN_gdh[n]e” v

- _ j2mkn
H[k]=Zane N
n=0

(0.0)

HIK = Y (@e” W )

n=0

1

_j2rk
1—ae N

Hlk] =

The following table shows some useful DFT pairs:

X[n] X[k]
o[n] 1
3[n-a] 2T,
a"u[n] 1
—j2mk
l—age N
u[n] 1
—j2nk
l1—e N
e2"u[n] 1
—j2mk
1—e% N

Note: Sometimes the equation of X[k] includes real plus
imaginary parts so we convert it into magnitude and phase

then sketch the magnitude function.



3.2.1 Properties of DFT:

1- Linearity:

DFT (Axa[n] + Bxz[n]) = AX1[k] + BX2[K]
2- Convolution:

DFT (x[n] & y[n]) = X[k]. Y[K]

3- Modulation:

DFT (x[n] . y[n]) = X[k] & YI[K]

4- Periodicity:

X[K] = X[k+N]

5- Time Shifting:

j2mk a

DFT (x[n-a]) = X[kle N

6- Frequency Shifting:

2tk a — -
oFT oo™ %) = xgeam {1 2, 552V

7- Parseval's Theorem
The power in discrete time domain is the same one in the discrete

frequency domain or

N-1 2 1 xON-t )
D mlP=g ) lxik]



Ex: prove that DFT of 1.3[n]=1
2. 8[n-no] =WmO

Sol:

(0]
z ]27tkn

n=20

1. Since x[n]= &[n]= {0 otherwise

X[k]=1.e%°+0+0 =1

j2mkn _ Jj2mkno

2. X[kl =XYy-06[n—n0le” N =e N = 1Ivm0

Ex: Find the power in time and frequency domain for
X[nj=28(n) +; 8(n — 1) +3 8(n — 2)

Sol: The energy in the time domain

=SNG lxinl =GP+ G+ =5

We previously found that x[k]=[1 0 0]

The energy in the frequency domain =— Si=3|x[k]|*

(12+02+02)_

wl»—\



3.3.The inverse DFT (IDFT):

To transfer the frequency response into the corresponding
discrete time sequence, we use the following formula:

1 N-1
xfn] =5 ) X[k] efzmn/n
n=0

2
1+2 COSLk

Ex: compute the IDFT for H[k] = TN

Sol: we have h[n] = —SN=3 H[k] e/2m*n/N

Or we can directly find the IDFT from the table

j2nk  j2mk
. 1 2[{e N +e N
ince x[k]==+=
Sce[]5+5< 5 >

. x{n]
1 1 j2nk 1 _j2mk .
_1 1 1 —l‘ e +
X[n]—g5[n] +E6[n+ 1] +E6[n— 1]

Ex: Perform the linear convolution with DFT.

1 forn=0 0.5 forn=0
x[n] =40.5 forn=1 h[n]={1 forn=1
0 otherwise 0 otherwise

x{n] hin)
1
| 0.5 &5;

1
4
_..l;I. » N —a 44— +




Sol:

j2mk
= x[0]+x[1]e N

2wk jemk

X[k]=1+0.5¢" & Also H[K]=05+e™ ¥

j2mk _jemk(2)

Y[k] = X[k] . H[k] = 0.5+1.25¢" N +0.5e ~
yIn] = IDFT (Y[k]) = 0.58[n] + 1.25 §[n — 1] + 0.56[n — 2]

y [n]
-
1.25

u.5'T ( 0.5

__l.-.ul_ll.- s
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3.3 The Z-Transform

The Z- transformation does for analysis and design of digital
systems what the laplace transformation does for analysis and

design of analog systems.

The Z- transform of a digital signal x[n] is defined as:

X(z) = Z x[n] z7™"

n=0

The Z- transform and the DFT are closely related

X(z) = X[k]|ej2nk/1v:Z

Ex: Find the Z- transform of the signal shown below:

hin)

13
L I




Sol:

Ex: Find the Z- transform of exponentially signal given by:

n

x[n] = a

: X(z) = Xo_ox[n] 27" = X5 ,a" 27"

uln]

By applying the geometric sum formula

forlaz™!| < 1.

X(z) = 1

— OR X(2) =

= Yn=0 (aZ_l)n

Z—da

This is some geometric sum formula (just for know)

N-~| l _aN
a" =
e | —a
N=| , (N ) N+l NaN +a
Z"" = 2
S (1 —a)
N=])
n=3NNN -1
n=0

Za" = lal < 1
St | —a
o

na" = lal < |
,,;, (I -a)y
N-|

n*=IN(N-1QN - 1)
n=0




Note: the Z-transform pairs of some important signals:

X[n] X(Z)
o[n] 1
8[n-a] a 1
Z = ?
u[n] 1 _z
1—2z1 z-1
a" u[n] 1 _z
1l—az"l! z-—a
rin] Z
(z —1)?
x[n-a] z"% X(z)

3.3.1 Inverse Z-Transform: -

The inverse transformation of a function X(z) is defined as:

Where the circular symbol on the integral sign denotes a closed
contour in the complex plane such integration is rather difficult and
beyond our scope. Fortunately, several simpler approaches are

available. Two simple methods

1
Hfﬁ X(z) z" ldz

for the inverse transform

computation are reviewed in the next two examples.




1
z(z-1)(2z-1)

Ex: A signal has the z-transform X(z) =

method of partial fraction to recover the signal x[n].

Cc
2z—1

Sol: X(Z)=§+Z%+

1
A =lim

M Z-Dez=D |

1
B = lim

e ——
z-1 z(2z— 1)

_ 1
¢= zl—lg.ls z(z—1) B

1 4
z—1 2z-1

1
X(Z)==';'+

X@) 1+ 1 2 1
= — — *
‘ z z—1 Z—O.S} (z277)

X(z)=2z"1 e DL (2) z
z—1 z—0.5

Referring to the table wm

x[n]=8n—1]+u[n—1]+ 205"t u[n — 1]

use the



Ex: Solve the previous example using long division of the

1
z(z—-1)(2z-1)

numerator by the denominator X(z) =

1 1

Sol: X(Z) = Z -D2z-D) = 3 ay71,

05273 4+0.7527* 4+ 0.87527°> + ---

273 —3z°+z7| 1

1—1.5z"14+0.52z72

1.5z71 —0.52z7%

1.5z71 —2.2527%2 4 0.75z73

1.75z7% + 0.75z73

X(z) =0.5273+0.7527* 4+ 0.87527° + ---

x[n] = 0.56[n — 3] + 0.756[n — 4] + 0.8755[n — 5] + -+




3.3.2 Z-Transform Properties: -

1. Linearity:

Axi[n] + B x,[n] & AX,(2) + B X,(2)

2. Time - Shifting:

xln—a] e X(z)z7¢

3. Convolution:

xi[n]* x3[n] © X;(2). X;(2)

4. Differentiation:

5. Multiplication by an exponential sequence:

z
a™ x[n] & X(E)



Ex: Determine the z-transform of the sequence given by:

yln] = (n + 1) a"u[n]

Sol:




Ex: Perform the linear convolution with z-transform.

x{n] hin)
1 1
[
I Tﬂ.s 0_5; "
—ib e Al —ad—m » 1

Sol:x[n] * h[n] & X(z).H(z2)
1

X(z) = Z x[n]z™ =1 + 05271

n=0

1
H(z) = Z hin]z* =05+ 2z
n=0

Y(2) =(1+05z7Y)(05+z1)
Y(z) =05+1.25z714+0.52z72
y[n] = Inverse (Y[z])

y[n] = 0.56[n] + 1.25 6[n — 1] + 0.56[n — 2]



3.3.3 Z- Plane: -

The independent variable (z) is a complex variable. Values of (z) can
be associated with points in a plane called the z-plane. The z-plane
is an important graphical tool in

the theory and application of the _
Z=rei®

z-transformation. / 9
18 . Re

3.3.4 Evaluation of LTI system Response using
Z-Transform: -

The output of LTI for input x[n] can be obtained using

z-transformation: y[n]= ZY(2)= Z X(2) Hz)

x[n] J hin] y[n] t=x[n]*h[n]
X[z] Y[z] =X(z) H(z)
H(z)

Where h[n]=impulse response of the system=y[n]| y[nj=s(n]
Y(2)

X(2)

H(z)=transfer function of the system = hn] or =



Ex: Find the impulse response and the transfer function of

the following system.
y[n]

o ]

Sol: y[n] = b y[n — 1] + x[n]
Y(2)=bz Y (2) + X(2)

For the impulse response x[n]=3[n] mp X(z) =1
~Y(2)=bz 1Y(2) +1

H(z) = 1—bz1

h[n] = y[n]l xiny=sn] = & H(z) = b u[n]

or directly T. F. = H(z) = %= Z hinl = ——



3.3.5 Stability Determination Based Z-Transform: -

A digital signal or an LTI system can always be described using z-

transform as the ratio: -

_N(@2) k(z-2)(z—2) ..
D) (Z-p)E-p) -

X(2)

The constant z,, z,, z5... are called the “zeros” of X(z), because they
are the values of (z) for which X(z)is zero. Conversely p,, p,, p5 ... are
known as the “poles” of X(z). the poles and zeros are either real or
occur in complex conjugate pairs. “The digital system is stable, if
and only if, all the poles of the system lie inside the unit circle

in the z-plane” k=the system gain

Ex: check the stability of the system given by:

oo k(z—1)?
@ = 0@ =z+05)
Sol:
. k(z—1)?
(@) = =03 - 0.5+j0.5)(z— 0.5-j0.5)
ImZ
I
X » Re Z
|

Since all the poles lie inside the unit circIe»The system is stable.



3.3.6 Digital System Implementation from its

Function: -

Since the z-transform is a linear transformation, the system
implementation procedure is similar to that in the time domain.
The most convenient form for system synthesis is the z-transform

of the general difference equation given by:

M b

Y(2) = z arz *Y(2) + Z a,z % X(2)

k=1 k=a

This equation can be implemented using the following symbols for

elementary LTI system

X(Z)‘> Y(z)=kX(z)  X(2)

Gain (amplification)

h[n]=hs[n]*h,[n]
H(z)=H.(z) H4(z)



Ex: Implement the 2" order recursive filter :

y[nl = 2rcos(wy) y[n — 1] — r?y[n — 2] + x[n] — r cos(w,) x[n — 1]
Sol:

Y(z) = 2rcos(wy) z71Y(2) —1r2272Y (2) + X(2) — r cos(wy) 271X (2)

The structure of the filter is shown below

X(Z) p | Y(Z)

+

o z(z+1)
H@) =2 505
Sol:
Y(2) z(z+1) z 2
HO) =y "=z 108 | " 72
Y(2) 1+2z71

X(2) T 1-2z1+05z°2
Y(2)(1—2z1405z272) =X(z)(1+z1)

Y2)=X2)+2z'X(2) +2z71Y(2) — 0.5272Y (2)



X(2) ik Y(2)

A 4

3.4 Frequency Response of LTI Processor :-

Most discrete time signals encountered in practice can be
represented as a linear combination of a very large, may be
infinite number of sinusoidal discrete time signals of different
angular frequencies- Thus, knowing the response of the LTI
system to a single sinusoidal signal, we can determine its
response to more complicated signals by making use of the
superpositions property of the system. Since a sinusoidal signal
can be expressed in terms of an exponential signal, the
response of the LTI system to an exponential input is of practical
interest- This leads to the concept of frequency response, a
transform-domain representation of the LTI discrete time
system.
H() = ) hlnl e ™" = H[k]pme_, = H@jyopp = H(jom s

n=—oo N



Ex: find and sketch the frequency response of the system shown

ﬂy_’l>’—’ + Y(z) R

-1

@\4

Y(2) =2X(2) + 0.9z71Y(2)

below

Sol:

Y(z) 2
X(z) 1-0.9z1

H(z) =

freq.response = H(e/") = H(Z)|,zeiw

. 2 Z
- H WYy — . =
(e’ 1-09e7" 1-09cosw +j0.9sinw

2
V(1 = 0.9 cosw)? + (0.9 sin w)?2

|H(e™™)]

5 (o) =

Note: the studying of the frequency response of the systems
lead us to determine the behavior of the system with the
frequencies.
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